
Nextgoal : Dehne an L- theory space 499 ) and describe the higher L- group
W

Observation : IX. g) ulkig
'
) HD 7 diagram of the shape L )
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'
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X X s.tn
. a non - degenerag condition is satisfied

Definition : ht 9,9 ) be a Poincani a- category . Define

Gta
zgnl!

! ) = [ Funin", b) ,
Funk:P

,
e)
"
= Fantin

,
ei ) Funk

, sp ) sp |
→

I.= poset of non- empty faces
of Ä - g.lag ) (I= . →←. ) GH) → 9k

'

)
Yong!!-s "

e.g . f. Viel
= 9) and f)991 ha, objects :

④
×

!
!

t t = !

1)→ Kw)

Fact : Poincani objects of gelb, 9) E lagraagian in Helge -q
'

) = : cobordisms between Hq) and (X! q ' ) .

Proposition: there is a puncto ÄPX Cat! → Cat! sending (Nd!) to
gnlb.tl .

In addition
, all Simpl. fan maps geteilt gn.ee/h91anegditPoineai-Verdierpwjections .

Definition: L: Cats - Spe is the geometrie realisation og
Pntk Mapcatelsp;^),-) t Cat! is

1 pm additive .

In] - pnlgie.ie ) Pnleil is an Ea- space for all 9,91 → Hein is

also an Ea- space
Exercise 9 : Show that F. 499) = 4199 ) .

Deduce that 499) is a group like It
-

space and here a wnnective spectrum
Exercise to : Show that I Film Fmfgde.gl//iswntractible .-

Hin : use extension by 0's to define an extra degeneracy .

Definition : Let Mette,9) be the Poincae subcategorg of Klei) on objects of the form od
"

↳
×

earlier analysis ⇒Concretelg :YTTL-ZX) = Gibt → 94) t Dgmetll-7×7=1%14×1 → Dax ) Pn (Mette.) = { bgrangianslerx)
i t is PoincaüdgzetsPep : 19, → Mette

, 9) → 16,9) is a split Poincani- Verdier sequence .
dt &"

(↳ x ) ← x ie
.
hbret ofibre Sequence in Cato

,
s.tl . t ( just as funetorY '→ Ig -> o ) admits left t right adjoinls .

of stable a -ots)

:

pneof : . cfmetfilyD= oinetly -so) = fiblo, → a) = Dfb) /

e- defines the datum of herm . funetor

. cfmetf↳X) = fiblcflx) -7914) → 9K) HDqmet.lt→ xD = Dyk) the adjoint reed at be

-
Poincarefunctors .

• split PV pwj . is impliedby : t has fully faithful left adjoint l and 9 = cfmetol
ne. : evtl"" 'iTunes t.FI?YEI?



r

(Ranicki , Lurie) ( split)
theorem : L : Cat!-> §, . sends Pineau - Verdier sequence to fibre Sequence

Proposition : In 499) ± ↳19141

prof : Induktion over n .
nun / ( Exercise 9 )

ht : In Knef 1) → In ( 48,911-7 In.ee/4b,h9D-sITn.sLlMetl99Hinduct
. Its

on unddying calegories↳HÄ) Fantin

.mn/s;eD=Funl4FunliiIeDsufticesthustopwm4Met-teilte # .

4Metle.tl/--l-nIHPn/fnIMetlk9H/ Observation :
f. Mette) = Metgnlqe)

alg .Thom isomorphismen
fred. 2 ekcisine

+ obj. (6,9) x - w- x ' s.

Proposition : Pn (Mette.gl/=Fm/9h9) ne ni t. d !
{ gnaph .

F: 4-78
'
t y - v → y ' µ(Ranicki ) n q: 9-7%5-9'

reason : the furgetful functor Cat! ⇒ Cat! has lett t right adjoiits ,

l, r (9)

"
I fibre of pull backs of 9's

+ RING) - Mette,.EE) .

H

Metin = pullback of fibre of 9's -

Hna : PnfMetle.gl/=MapcaqlsptieY.MetteiH--MapqlsptiiY,rUle)
= Mapai.gl/UIsptifY,Ulkl9l/--Fm/6.h9D./heqniraunaisimplemented by

an alg . Surgery as we will see

↳Morrow . tz Pop .
Thus : Knete.) - Ihr> Pnlgn Mette, /

= IM " PNMetfne.PH//=/fn1nFm1gn1e , / ! !
""" "

=

• Thus
, In 48,9) has a Uniform generators and relations description / Poincare Object modulo nullwbordant ones )

Constructions: Let R be a ring , M an inrertibte module wl involution over M
.

Define : WIR ;M) -> ↳ (DMR) ; 99! ) → ↳ IDPIR) ;! )

by : IP, b) H (PID , bevor! IP)] nsing STEIN = Home (Pop .nl
"

(Kh) n> [Plo), tagte .toVfGH ) ]

Likewise : WOTIR;M) - Höhn , ff ) usingn-ohTIIPIESEYIIPI-ltomp.az/PeP,MIca .

'
.

T
\
-

- → kommt)



Kap in mind the question : What is the relation between WIN and 48449

!!
)

AIglbraic-geryldea.simplify representatives of klein without changing their cobordism dass .
' n -

- -

Definition : A surgery datum on a form IX.f) consish of a pair ( Sig) when

• Stx is a map ,
and

⇒ point of Fmlmetleil)
°

y : Mott - O in 1941
t

Ä ) Fml!:)

Proposition : there is a Poincani functor X: Method -7%19,91 Unding a surgery datum to the
trace of its Surgery

inducing an quivalena Fmlmetle.gl/xPnleiiI-PnIfdeieDFml99) -
- cobordisms between
one Poincae object uf Poincae objeets
U Surgery datum

+ 9kg) " mapltf ,DX)
Sketch : the par associated to XIKX.gl) is conshucted an fokus

:/ mtg.gg,
S = S - O on forms 9µs)

µ
horizontal t Vertical

/
tfy-X-DX-D.is f

"

of fibre sguences
→ DÄ "

qmet → 41¥94ÄGÄIS - %!
1¥:-p

:*

1am
0=1%-74→Ds) v v

mapfxs.is/-mapfXs.Ds)-mapls,Ds)

This is the effect of the function X on forms .
We indicate that it restrich to an

← alg - Thom isom
.

quivalencefmlmetle.it#m,qqlo3=Pn(kl99lxqqloI
) Exercise A : Show that the underYing
- - object of the Surgery output
= Fm 19191 PnlMette,) of (s→ 0 , ye das) is give by
Surgery datum cofib ¥145 ) .( Sqe Ist) → ( s→ 0

, g) '→ Output of surgery on O

S - S - 0

unsicher ne mep III - ( L
->x. gelaufen) ! ! I

L →X (= Xo→ 0 - Des

qmetfeix) → fett-o) . N) d t, d II

Y- ¥
X - Xs → Es→ Dgs

⑤



Netgoal
: Show that the map WSIR;MI -> ↳ län ; Oil ) is an isomorphismen .

in parkuhr, Reed to argue that
, up to cobordism

,
Poinani obieds for 9! can be

assumed to be of the form PH for PE PNJCRI .
*(×,

Leena : t.it R, Mas before . ht XEDPIR) .

TFAE X mann .

"

HIHI O if icm

Pie Projlp sitting in
'

kam
.

1) × is m- wnnectine and DMX is MI
- wnnectire

degree i

2) X is Rpr. by a chain complex 0-7 Pn-> Pn . . -s -e- → Pmt, → Pm -so

prod : Heft : X repr. lag some hnik chain complex C
, i.e.ci is fg . pwj . und atmest an Ciro

e) ⇒e)
AIR : since X is m. wnn

.
⇒ achiere C; - o for iam

Steps: DX
repr.by applyig Ampel>M) to the represeiing deine complex G

Heft : since DX is C-n) wnnediue ⇒

achieveltomdc.in/i--otrric-ndep5qX=DXis now of the daimed straße . Im

eg . 991,99¥
,
9!

Definition : R
,
M as always . 9 M- wmpatide tassume PIPI is an EM spectrum in degree O for any

Unim
. µ

sometimes called
PE Prüm . tet Mimimi ) > ({ "

II.IIII! .pro; }, ⑦Kreta, go.ms >

"

mit
"
meta""

Proposition : Under the above assumption ,
the canonical map

WIPNIIRI;%) → ↳ IDPIRI , 9) is an isomorphismen .

preof : surjectiritg : Let IX.q) be a Poincaö object for 9 .

if X is wnnectine ⇒ XÄDX is also wnneetine .

hence X ? PM by precious Lemma . ✓

in general , X is fkfwnneehüe for some k> o (or Ko ) assume-te-m.in/iTikIt-o} < o
7

fBy the Umma ⇒ ii. „4)x-P t.g.pwj.ms PIK]-→X in DPIRI

now : 91M-H) is k- connection ⇒ FoodPHILO .

⇒ ÄH ) wo in STOIIPFKI) so any nullhtpy y makes ( PFKI-74g ) a surgery datum
.

Exercise 12 : the Surgery output (Icq' ) satisfies that X
'

is tkttl - wnnectine .



Injechity : Assam gieren PE Pröll and QEQIRI ,
and assume that its image in blökte)

iranisches
,
i.e

. 7 LEDPIRI
,
a map f :L-> PEI and a nallhtpy y : Matteo

such that L-s.PE/F#DPTo1 → DL is a fibre Sequence .

abstract.ly . ftp.y/ePnfMetlDPlm,9DhltinglRfIEPnlDPlR! !)
Exercise 12 : then L is represent.Heim : Ming gurgeries , we can make L TH- connection

. by a complex EQ- N-70
degree IM= -t .

proof: assume-k.m.in-ihn} . Dick a surj . Q → Inkl . and

the ass
. mgs QFKI -2L

.
The diagram QFKI → 0 commaks as

d d mappntQFKI.PI-ExtpflQ.PK 0 .
+ OIMEYQFK] -701=19×10471 is

fk-H-wnnective.l-s.PE/erIsel3
: Surgery output an . to the map (¥" → ! ) in Methan

P

is of the form ('→ P with L Hast - connective

⑦ ! ←
Ex

.

Indudively m) l can be assnmed H)- connection
. Wring L as ( HQ-IN-so )

*
Ne find. a map NFI] -7L whose cofibre is QTO] .

NEI) -7L
(onsider the map H t in Met IDPIRD

.

9metfNFH-NH.tt/--0
NFI) → p

" can do Surgery . Output is a legrangian of the form QIÖI-> PTOLN @DN)

when the form on PIOINTODN) is ( f. q' ) with q
' metabdic ( DN→ NIODN is a

Lagrangian fort' )
⇒ In WIRTIN ;D have : IP) -Mitt-DN.gl/=f-Pe/NeDNI,q@qifFO%FDisalagrangian here

.

①

Contary: ↳ IDPIRI , 9
"
) EWYR ; M) and ↳(DPIRI.PH/EW9-lR;M)

Definition : ht 9. DIR sp be an M- anpasste Poihcari structure
,
associated to

a map N -7M" of R- modulen . We sag that 9 is

µ Ti (N)= 0 for icm

1) m- quadrate if N is m- oonnectine

µ tiiffiblatfo for i > -r

2) r - Symmetrie if the fibre of a is fr)- truneated.



Exercise 14 :
1) 4 is m - quadrate ⇒ Lqlx ) is lmtk) - wnnective whenever DX is k- wnnectiue

2) 9 is r- symmetrie # fibf 91×1-794×1 is fr - H- truncaled whenever X is

k- wnnective
.

Next goal : make qualitative Statements about the maps Recall : we calaiated ↳(DPIR!)
in terms of classical forms

LIDPIRI, 4! ) → 40449 ) -> LIDPIRI , ) it UP) = EM- spectrum in degree

for an M- compatibte Poihcae structure 9

Thum : ht 4 be an m- quadr . M- camp . Poincae structure on DPIRI
.
Then

n-nllDYRI.PL ) → % LIDPIR) ,g) ,
{
an isom.hr n < zm-3

surjective for NE Zen - 2


